In this paper, we will study the Bloch transformed rough surface scattering problems, and propose a numerical method based on the Bloch transformed problems. Based on the mathematical theory of the scattering problems from locally perturbed periodic surfaces, the same techniques will be applied to the rough surface scattering problems, and an equivalent coupled family of quasi-periodic scattering problems in one periodic cell will be established. The most important result obtained in this paper is on the finite Fourier series approximation of the Bloch transformed field with respect to the quasi-periodicity parameter. It will be proved that the finite series is exactly the Bloch transformed solution corresponds to truncated rough surfaces. Thus the truncation provides a reasonable approximation, and could be applied to the numerical solutions. Based on the approximation, a numerical method is proposed for the rough surface scattering problems. The convergence of the numerical method is proved and illustrated by the numerical experiments. The method provides a completely new perspective for the rough surface scattering problems. There is possibility that some high order method will be developed based on this new method.
Introduction
The scattering problems from rough structures are always interesting but challenging topics. Mathematicians have been working on both the theoretical analysis and numerical implementation of this topic for decades. Based on integral equations, the well-posedness of the problems has been investigated, see [CWR96, CWZ98, CWRZ99, ZCW03] . A Nyström method for the integral equation on the real line has been developed for the rough surface scattering problems, see [MACK00, AHC02] . In 2005, Chandler-Wilde and Monk proposed a variational method (see [CM05] ) for the investigation of the well-posedness of the scattering problems from rough surfaces in both 2D and 3D spaces. Based on the variational method, the unique solvability of the scattering from rough surfaces has been proved in weighted Sobolev spaces in [CE10] , in which more generalized cases (e.g. plane waves in 2D spaces) are included. Similar results in weighted Sobolev spaces has been shown for more generalized boundary conditions in [HLQZ15] . Based on the variational formulation in weighted spaces, a so-called "finite section method" has been proposed for numerical approximations in [CE10] .
Recently, a Floquet-Bloch transform based method has been proposed to treat scattering problems from a special kind of rough surfaces, i.e., the locally perturbed periodic surfaces. To the author's knowledge, this method was first introduced in the paper [Coa12] , for scattering problems from locally perturbed periodic mediums. For the non-periodic incident fields (e.g., the Herglotz wave functions or the point sources) scattered by locally perturbed periodic surfaces, the scattering problems are transformed into an equivalent coupled family of quasi-periodic scattering problems by the Bloch transform (see [LN15, Lec17] ). Based on the theoretical analysis for the Bloch-transformed scattering problems, convergent numerical methods have been developed for the scattering problems, for periodic surfaces see [LZ17a] , and for locally perturbed periodic surfaces see [LZ17b] . Discussions are also made for 3D acoustic and electromagnetic problems, and the first numerical experiment has been carried out for the 3D Helmholtz equations, see [LZ17c] . For the scattering problems from locally perturbed periodic layers, similar method has been adopted in [HN15] . The Bloch transform was also applied to the scattering problems in locally perturbed periodic waveguides, see [FJ15] .
In this paper, the Floquet-Bloch transform will be applied to the rough surface scattering problems. With the technique introduced in [Lec17] , the problem is transformed into one defined in an infinite rectangle. With the help of the Bloch transform, the new problem is decomposed into a coupled family of quasi-periodic scattering problems, and the equivalence between the original problem and the coupled family of quasi-periodic problems will be proved. The main difficulty comes from the term involves the perturbation, which is no longer compactly supported, as that for locally perturbed cases. An interesting result shows that, the approximated finite Fourier series of the Bloch transformed field with respect to the quasi-periodicity parameter is exactly the Bloch transformed solution of the scattering problem with truncated rough surface. It could be a good choice of approximation for the scattering problems in unbounded domains, for the numerical method of the locally perturbed problems have been well studied in [LZ17b] , and a high order method was developed in [Zha18] . Based on this result, a finite element method will be developed for the numerical solution. Although there are convergent numerical methods for the simulation of the scattering problems, e.g., the one based on the integral equations (see [AHC02, MACK00] ) or variational formulations (see [CE10] ), the new method may provide very different perspective for the rough surface scattering problems. It is also expected that the Bloch transform based numerical method will be improved and a high order method will be developed following [Zha18] in the future.
The rest of the paper is organized as follows. In Section 2, we will recall the mathematical model of the rough surface scattering problems and its unique solvability. In Section 3, we will formulate the weak formulation of the Bloch transformed scattering problems, and study the equivalence and unique solvability of the newly established variational problem. In Section 4, the finite Fourier series approximation of the Bloch transformed fields will be studied. Based on the approximation, a finite element method will be proposed in Section 5, and details of the numerical implementation will be explained in Section 6. In the last section, we will give several numerical experiments to illustrate the convergence result obtained in Section 5
Scattering from rough surfaces
In this section, we recall the mathematical modal and well-posedness of the scattering problems from rough surfaces in two dimensional spaces. For details we refer to the papers [CM05, CE10] .
Let ζ be a bounded function defined in R. In this paper, we have to require that the following assumption holds for the functions ζ. Assumption 1. ζ is a Lipschitz continuous function defined on R. Suppose there is a positive C > 0 such that
Without loss of generality, assume that ζ(t) ≥ c > 0 for any t ∈ R.
Define the rough surface by
Let Γ h be defined by the straight line R × {h} for any h ∈ R. Suppose H is a constant satisfies H > max { ζ ∞ }, then Γ H is a straight line lies above Γ. Define the domains by
Given an incident field u i that satisfies the Helmholtz equation
it is scattered by the impenetrable surface Γ. Then the total field u satisfies the Helmholtz equation in Ω as well, i.e., ∆u + k 2 u = 0 in Ω.
Assume that the total field u also satisfies the homogeneous Dirichlet boundary condition on the boundary Γ, i.e., u = 0 on Γ.
Remark 2. In this paper, only the Dirichlet boundary condition is considered. However, it is possible to treat problems with different conditions, such as the impedance boundary condition (see [Lec17] ) or inhomogeneous mediums.
The scattered field u s := u − u i satisfies the so-called angular spectrum representation as a radiation condition (see [CM05] ), i.e.,
where u s is the Fourier transform of u s on Γ H , and k 2 − |ξ| 2 = i |ξ| 2 − k 2 when |ξ| > k. The radiation condition (3) is equivalent to the following boundary condition
where T + is the Dirichlet-to-Neumann map defined by
(Γ H ) for any |r| < 1 (see [CE10] ). Thus the total field satisfies the boundary condition on Γ
The scattering problem is now turned into a problem that defined on the domain Ω H with a finite height. The weak formulation for the scattering problem is, given any
for all v ∈ H 1 (Ω H ) with compact support in Ω H . The variational problem could also be analysed in the weighted Sobolev space H 1 r (Ω H ). From [CE10] , the unique solubility of the variational problem 6 has been proved in weighted Sobolev spaces. 
The Bloch transform and the scattering problems
In this section, we apply the Bloch transform to the scattering problems. As the Bloch transform only works on functions defined in periodic domains, the first step is to transform the problem into one defined in a periodic domain, and then apply the Bloch transform to the new problem (see [Lec17, LZ17c] ). In this paper, the procedure will be altered slightly, i.e., to transform the scattering problem into the new one defined in the infinite rectangle 
and then extend it by the identity operator I when x 2 ≥ H 0 .
Let the transformed total field u T := u • Θ, then by direct calculation,
Thus the support of both A Θ and c Θ are subsets of D H 0 .
Remark 6. From the definitions of A Θ and c Θ , if ζ has higher regularities, e.g., if ζ ∈ C n,1 (R) for some positive integer n ≥ 1, A Θ and c Θ will have higher regularities as well, i.e., A Θ ∈ W n−1,∞ (Ω H , R 2×2 ) and c Θ ∈ W n−1,∞ (Ω H ). Moreover, there is a constant C > 0 depends only on ζ such that
From direct calculations, we rewrite the variational problem (8) as
Use the property of the Bloch transform, let
) with compact support, where
and T + α is the α-quasi-periodic Dirichlet-to-Neumann operator defined by
Define c := c Θ − 1 and A := A Θ − I, then both of them are bounded due to the boundedness of ζ in W 1,∞ (R) (see (9)). As
For the mapping property of the Bloch transform (see Appendix),
Define the sesquilinear form b(·, ·)
where
. From the arguments above, the equivalence between the weak formulation (6) of the scattering problem and the variational problem (10) is concluded in the following lemma.
With the equivalence between (6) and (10) in Lemma 7, we will show the unique solvability of the variational problem (10).
Proof. The first step is to prove the existence of the solution of (10). Given a function w B is a solution to the problem (6) with f = 0. From the unique solvability of (6), u = 0, thus w B = 0. The proof is finished.
Theorem 7 and Theorem 8 in [LZ17c] could be extended to the rough surface scattering problems. With the assumptions the incident fields or the surfaces have higher regularities, the Bloch transformed fields are also smoother.
Theorem 9. Assume that f ∈ H −1/2 r (Γ H ) for some r ∈ [0, 1), and ζ ∈ C 2,1 (R). Then the
When u i decays fast enough at the infinity, i.e.,
. Then the following equivalent formulation holds.
In this section, the variational formulation for the Bloch transformed total field has been established with the help of the properties of the Bloch transform. Similar to the special case, i.e., locally perturbed periodic surfaces (see [Lec17] ), the variational problem is proved to be equivalent to the original problems, and is also uniquely solvable in certain Sobolev spaces.
Remark 11. For the special case that the surface is a small perturbation of a periodic one, the same technique in [Lec17] could be adopted, i.e., to transform the problem into one defined in a periodic domain. Then the Bloch transformed field is analysed in one periodic cell of the periodic domain. It might be more convenient to solve the problems numerically in this way for the special case, with the same method as the generalized cases.
Finite dimensional approximation of scattering from rough surfaces
From the variational problem (10), the main difference between the globally and locally perturbed problems is the term b(w B , v B ). When the perturbation is local, the term b(·, ·) is reduced into the integral in a bounded domain, thus it is easy to be discretized following the method introduced in [LZ17b] . While when the perturbation is global, the numerical algorithm becomes much more difficult due to the infinite domain. In the first subsection, the simplified case on the real line will be studied. The extension to 2D strip D H will be presented in the second subsection. The investigation of the finitedimensional approximated field will be carried out in the third subsection.
The simplified case: one dimensional problems
In this subsection, we will consider the following integral
, r ∈ R, and the operator J R is the Bloch transform defined on the real line. From Remark 20, ϕ could be defined by Fourier series, i.e.,
Define the finite dimensional space by
where Z N = {−N/2 + 1, . . . , N/2} when N is even.
Remark 12. For simplicity, we assume that N are even numbers.
The approximation of ϕ in the subspace
From direct computation, the inverse Bloch transforms of ϕ(α, x 1 ) and ϕ N (α, x 1 )
Define the truncated function
We can also define the finite Fourier series of ψ N from ψ similarly, then the following relationship could be obtained
Extension to the sesquilinear form b(w, v)
Similar to the one-dimensional case, we can also approximate w B in a finite dimensional subspace with respect to α. Let the subspace of
From the definition of w B = J Ω u T , it has the representation
Let N > 0 be any even positive integer, then the approximation of w B in the subspace
The error of the approximation is estimated in the following theorem.
Proof. From the definition of w B ,
We can obtain the norm of w B − w N B in the same way, i.e.,
The proof is finished.
Following the procedure in the first section, we can redefine the indicator function X N in the two dimensional space by 
We can similarly approximate v B by v
Truncated Bloch transformed fields
Recall the variational form (10):
, from the orthogonality and 15, 
. Although the cut-offed functions A N and c N maybe no longer continuous, the wellposedness of the variational form (16) still holds in weighted Sobolev spaces, as is shown in the next theorem. Theorem 14. When N is large enough and |r| < 1, the variational problem (16) is uniquely solvable in H
Proof. As the variational problem (16) is a perturbation of (10), we only need to consider difference between the sesquilinear form b(·, ·) and
is defined by (12). From Theorem 13, for any r ′ < r, the error between w and its approximation w N in H
. Then from (15) and the boundedness of b(·, ·),
.
Thus when
Thus when N is large enough, (16) is a small perturbation of (10) in H
. From the well-posedness of (10), the variational form (16) is uniquely solvable in H
The finite element method
In this section, we discuss a Garlekin discretization for the scattering problems from rough surfaces. As was shown in the last section, the field w B (α, ·) could be approximated by finite Fourier series w N B (α, x) defined by (13), which is exactly the solution of the truncated problem (16). Let the uniformly distributed grid points in W Λ * defined by
Then define the piecewise basic functions ψ N + π/(NΛ) and equals to 0 otherwise. Assume that M h is a family of regular and quasi-uniform meshes (see [BS94] ) for the periodic cell D Λ H , where 0 < h < h 0 and h 0 is a small enough positive number. To obtain the periodic basic functions, it is required that the nodal points on the left and right boundaries have the same heights. By omitting the nodal points on the left boundary,
be the piecewise linear and globally continuous nodal functions equal to one at one point except for the lower boundary, and equal zero at other nodal points, then
Then we can define the finite element space X N,h by
It is easy to check that
following [LZ17b] . Moreover, from the definition of the basic functions,
We will seek for a finite element solution w N,h ∈ X N,h to the truncated problem
for any v N,h ∈ X N,h . From the definition of b N (·, ·), it could be written into the finite sum
In the definition, A (m)
N (x) = c (
). The inverse Bloch transform can be explicitly computed
For details see the next section for the numerical implementation. The well-posedness and convergence of the finite dimensional problem (17) could be obtained.
Theorem 15. Assume that f ∈ H 1/2 r (Γ H ) for r > 1/2 and ζ ∈ C 2,1 (R). Then the linear system (17) is uniquely solvable in X N,h for any
, when N ≥ N 0 and 0 < h < h 0 , where N 0 is sufficiently large and h 0 > 0 is small enough. The solution w N,h ∈ X N,h satisfies the error estimate for any 1/2 < r ′ < r:
, ℓ = 0, 1.
Proof. From Theorem 9 in [LZ17a], we only need to prove the solvability of the truncated problem (16) when r > 1/2 and ζ ∈ C 2,1 (R). When ζ ∈ C 2,1 (R), from Theorem 9,
Thus when r > 1/2, we can find a 1/2 < r ′ < r, w
The rest of the proof is omitted for it is the same as the proof in [LZ17a] .
Thus the error estimation between the approximate w N,h and w B could be obtained in the following theorem.
Theorem 16. Assume that f, r, ζ satisfy the conditions in Theorem 16. Then the solution w N,h ∈ X N,h satisfies the error estimate for any 1/2 < r ′ < r:
Proof. From Theorem 13, the error between the original solution and the truncated one is bounded by
Together with the result in Theorem 15,
The proof is finished. 14 6 Numerical implementation for rough surfaces
In this section, we describe the numerical implementation for the variational problem (17). For convenience, the quasi-periodic fields are periodized and the scattered field is considered instead of the total field. B (α, x) , then the variational formulation for w 0 is
with the the boundary condition
where e 1 = (1, 0) ⊤ and T + α is the modified Dirichlet-to-Neumann map defined on the periodic functions on Γ Λ H :
Thus the finite Fourier series approximation (13), denoted by w N 0 , satisfies the variational formulation 
be nodal functions that equals to one at one nodal point x (ℓ) M ′ and zero otherwise, assume that ψ
Recall the basis functions ψ
in α ∈ W Λ * , we can define the new finite element space
We can define the subspaces
and also the subspaces that vanish on Γ
Then for any w 0 ∈ X N,h , there is a unique vector w
. The boundary term of (22) could be approximated in the similar way of [LZ17b] :
For m = 1, . . . , M and n = 1, . . . , N, let v m,n = ϕ
N,h δ j,n , where δ j,n equals to 1 when j = n and equals to 0 otherwise, the coefficient is defined by
Then consider the discretization of the term b ′ (·, ·). Recall the inverse Bloch transform in (18),
, where (·) 1 is the first component of the variable. Thus the discrete form of b
where δ m,n j,ℓ equals to 1 if and only if j = m and ℓ = n,
Thus w 
To solve the linear system (25) of size NM ′ × NM ′ , the iterative method is introduced for a fast convergence rate. The GMRES iteration scheme with a pre-conditioner is utilized, and is described in the following steps:
1. For each matrix A j , let the incomplete LU decomposition be (L j , U j ) for j = 1, . . . , N.
Then let the lower triangular matrix L = diag(L 1 , . . . , L N ) and the upper triangular matrix U = diag(U 1 , . . . , U N ).
2. Solve the linear system (25) by GMRES with (L, U) as the pre-conditioner.
Numerical examples
In this section, we show four numerical examples of the rough surface scattering problems. We choose two rough surfaces above the straight line Γ h 0 , defined by the functions ζ 1 = 1.1; ζ 2 = 1 + 0.1 sin(2.4t), then the surfaces are defined by
Let the incident fields be points sources located at two different points, i.e.,
If y = (y 1 , y 2 ) ⊤ is the location of the point source, then the half space Green's function is defined by
From [LZ17a] , for any fixed y, G(·, y) ∈ H 1 r (D H ) for any r < 1. As the field G(·, y) is propagating upwards, the scattered field 
are listed in Table 1 -4. The examples are chosen by different wave numbers, locations of point sources and rough surfaces:
Example 1 The wave number k = 1, the point source is located at P 1 , the rough surface is Γ 1 , the relative errors are listed in Table 1 .
Example 2 The wave number k = 6, the point source is located at P 1 , the rough surface is Γ 1 , the relative errors are listed in Table 2 .
Example 3 The wave number k = 1, the point source is located at P 2 , the rough surface is Γ 2 , the relative errors are listed in Table 3 .
Example 4 The wave number k = 6, the point source is located at P 2 , the rough surface is Γ 2 , the relative errors are listed in Table 4 . From the numerical results in Table 1 -4, the relative error decreases when N gets larger and h gets less. For the wave number k = 1, the error brought by N is the dominant one, while the error comes from h is relatively small. Then for small enough h's, e.g., h = 0.02, 0.04 in Table 1 and 3, the convergence rate with respect to N could reach O(N −1.5 ) (see Figure 3) , which is even higher than expected in Theorem 16, i.e., O(N −r ′ ) for some r ′ < 1. The examples for k = 6 are the opposite, as the dominant error is caused by h. For large enough N's, e.g., N = 80 in Table 2 and 4, the convergence rate with respect to h could reach O(h 1.93 ), which is almost as high as expected (see Figure 4) in Theorem 16. Thus the numerical examples illustrate the convergence rate estimated in this paper. 
